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THE a-NUMBER OF CERTAIN HYPERELLIPTIC CURVE
VAHID NOUROZI, FARHAD RAHMATI AND SAEED TAFAZOLIAN
Abstract. In this paper, we compute a formula for the a-number of certain hyperelliptic
curves given by the equation y2 = xm+1 for infinitely many values ofm. The same problem
is studied for the curve corresponding to y2 = xm + x.
1. Introduction
Let k be an algebraically closed field of characteristic p > 0. Let A be an abelian variety
defiend over k. Let αp be the group scheme Spec(k[X ]/(X
p)) with co-multiplication given
by
X → 1⊗X +X ⊗ 1.
The group Hom(αp, A) can be considered as k-vector space since End(αp) = k. The a-number
a(A) defined to be the dimension of the vector space Hom(αp, A).
Let X be a (non-singular, projective, geometrically irreducible, algebraic) curve defined
over k. One can define the a-number a(X ) of X as the a-number of its Jacobian variety JX .
As a matter of fact, the a-number of a curve is a birational invariant which can defined as
the dimension of the space of exact holomorphic differentials.
The a-number of Hermitian curves computed by Gross in [10], and for Fermat and Hurwitz
curves computed by Maria [14]. A few results on the rank of the Carteir operator (especially
a-number) of curves introduced by Kodama and Washio [11], Gonzlez [8], Pries and Weir
[15] and Yui [22].
In this work, we consider the hyperelliptic curve X given by the equation
y2 = xm + 1 or y2 = xm + x
over k.
These families of hyperelliptic curves have been investigated for several reasons by many
authors (see [12], [19], [18], [21]). Here we are going to determine the a-number a(X ) of X
for infinitely many values of m. See Theorem 3.1, 3.2 and 4.1.
2. The Cartier operator
Let k be an algebraically closed field of characteristic p > 0. Let X be a curve defined over
k. The Cartier operator is a p-linear operator acting on the sheaf Ω1X of differential forms
on X in positive characteristic.
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Let K = k(X ) be the function field of a curve X of genus g defined over k. A separating
variable for K is an element x ∈ K \Kp.
Definition 2.1. (The Cartier operator). Let ω ∈ ΩK/k. There exists f0, · · · , fp−1 such that
ω = (f p0 + f
p
1x+ · · ·+ f
p
p−1x
p−1)dx. The Cartier operator C is defined by
C (ω) := fp−1dx.
The definition does not depend on the choice of x (see [[16], Proposition 1]).
We refer the reader to [[1], [2],[16], [20]] for the proofs of the following statements.
Proposition 2.2. (Global Properties of C ). For all ω ∈ ΩK/k and all f ∈ F ,
1. C (f pω) = fC (ω);
2. C (ω) = 0⇔ ∃h ∈ K,ω = dh;
3. C (ω) = ω ⇔ ∃h ∈ K,ω = dh/h.
Remark 2.3. Moreover, one can easily show that
C (xjdx) =
{
0 if p ∤ j + 1
xs−1dx if j + 1 = ps.
If div(ω) is effective then differential ω is holomorphic. The set H0(X ,Ω1) of holomorphic
differentials is a g-dimensional k-vector subspace of Ω1 such that C (H0(X ,Ω1)) ⊆ H0(X ,Ω1).
If X is a curve, then the a-number of X equals the dimension of the kernel of the Cartier
operator H0(X ,Ω1) (or equivalently, the dimension of the space of exact holomorphic differ-
entials on X ) (see [11, 5.2.8]).
The Cartier operator and Hasse-Witt-matrix are dual to each other under the duality
given by the Riemann-Roch theorem. Let B = {ω1, · · · , ωg} be a basis of the k-module of
holomorphic differentials in H0(X ,Ω1). Then the representation matrix M over k of C with
respect to this basis is called the Hasse-Witt matrix.
Let k be a field of characteristic p > 2. Let X be a projective nonsingular hyperelliptic
curve over k of genus g. Then X can be defined by an affine equation of the form
y2 = f(x)
where f(x) is a polynomial over k of degree d = 2g+1 or d = 2g+2 without multiple roots.
The differential 1-forms of the first kind on X form a k−vector space H0(X ,Ω1) of dimen-
sion g with basis
B = {ωi =
xi−1dx
y
, i = 1, . . . , g}.
The images under the operator C are determined in the following way (see [22]). Rewrite
ωi =
xi−1dx
y
= xi−1y−pyp−1dx = y−pxi−1
N∑
j=0
cjx
jdx,
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where the coefficients cj ∈ k are obtained from the expansion
yp−1 = f(x)(q−1)/2 =
N∑
j=0
cjx
j with N =
p− 1
2
(d).
Then we get for i = 1, . . . , g,
ωi =y
−p(
∑
j
i+j 6=0 mod p
cjx
i+j−1dx) +
∑
l
c(l+1)p−i
x(l+1)p
yp
dx
x
.
Note here that 0 ≤ l ≤ N+i
p
− 1 < g− 1
2
. On the other hand, we know from Remark 2.3 that
if C (xr−1dx) 6= 0 then r ≡ 0 (mod p). Thus we have
C (ωi) =
g−1∑
l=0
(c(l+1)p−i)
1/p .
xl
y
dx.
If we write ω = (ω1, . . . , ωg) as a row vector we have
C (ω) = M(X )(1/p)ω,
where M(X ) is the (g × g) matrix with elements in k given as
M(X ) =


cq−1 cp−2 . . . cp−g
c2p−1 c2p−2 . . . c2p−g
... . . . . . .
...
cgp−1 cgp−2 . . . cgp−g

 .
3. The a-number of Hyperelliptic Curve y2 = xm + 1
In this section, we consider the hyperelliptic curve X given by the equation y2 = xm + 1
over k. This curve is of genus g = (m− 1)/2 (resp. g = (m− 2)/2) if m is odd (resp. m is
even).
Let B = {ωi =
xi−1dx
y
, i = 1, . . . , g} be a basis for the differential 1-forms of the first kind
on X . Then the rank of the Cartier operator C on the curve X equals the number of i with
i ≤ g such that
C (wi) =
1
y
C (xi−1yp−1dx)
= 1
y
C ((xm + 1)
p−1
2 xi−1dx)
= 1
y
C (
∑ p−1
2
j=0 ajx
j+i−1dx) 6= 0,
where (xm +1)
p−1
2 =
∑ p−1
2
j=0 ajx
jm. From this we must have the equation of congruences mod
p,
i+mj − 1 ≡ p− 1 (3.1)
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for some 0 ≤ j ≤ (p−1)
2
. Equivalently, the following equation
m(p− 1− h) + i− 1 ≡ p− 1 (3.2)
has a solution h for 0 ≤ h ≤
p− 1
2
.
For the rest of this section, Mm := M(X ) is the matrix representing the p-th power of the
Cartier operator C on the curve X with respect to the basis B.
Theorem 3.1. Let X be a hyperelliptic curve given by the equation y2 = xm + 1. Suppose
that m = sp+ 1, then
1. If s = 2k + 1 and k ≥ 0, then the a-number of the curve X equals
(k + 1)(p− 1)
2
.
2. If s = 2k and k ≥ 1, then the a-number of the curve X equals
k(p− 1)
2
.
Proof. (1). At the first, if m = sp + 1 = (2k + 1)p + 1 with k ≥, then we prove that
rank(Mm) =
k(p+ 1)
2
.
In this case, i ≤ g and Equation (3.2) mod p reads
i− h− 1 ≡ 0 (3.3)
In particular, if k = 0 then m = p+1, where i ≤ g and Equation (3.3) be transformed
into
i ≡ h+ 1 (3.4)
Take l ∈ Z+0 so that i = lp + h + 1, then 1 ≤ lp + h + 1 ≤
p− 1
2
. This implies that
h ≥ 0 and h < −3/2, a contradictions. Thus, rank(Mp+1) = 0.
If k = 1 then m = 3p + 1, in this case we have
p
2
≤ i ≤
3p− 1
2
. We need to find
the solutions h mode p of the Equation (3.4). Then
p
2
≤ lp+ h + 1 ≤
3p− 1
2
.
As h+ 1 ≥ 0 we obtain {
l ≥ 0
l < 3/2
Thus, we have two choices for l, i.e, l = 0 or l = 1. From this we have 1
2
(p+1) choices
for h, and so we conclude rank(M3p+1) =
1
2
(p+ 1).
For k ≥ 2, and m = sp + 1 we can say rank(M(2k+1)p+1) equals
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rank(M(2k−1)p+1) plus the number of i such that there is h solution of the equation
mod p
i ≡ h+ 1
with
(2k − 1)p
2
≤ i ≤
(2k + 1)p− 1
2
. Then
(2k − 1)p
2
≤ lp + h+ 1 ≤
(2k + 1)p− 1
2
.
This implies that {
l ≥
2k − 1
2
l <
2k + 1
2
or equivalently we obtain k = l. In this case we have 1
2
(p+1) choices for h. Therefore
we get
rank(M(2k+1)p+1) = rank(M(2k−1)p+1) +
1
2
(p+ 1).
Now the our claim on the rank of M(2k+1)p+1 follows by induction on k.
Then a(X(2k+1)p+1) =
(k + 1)(p− 1)
2
can be computed from
a(X(2k+1)p+1) = g(X(2k+1)p+1)− rank(M(2k+1)p+1)
.
(2.) At first we cliam that rank(Msp+1) =
k(p + 1)
2
, with m = 2kp+1 and k ≥ 1. In this
case, i ≤ g and Equation 3.2 mod p reads
i− h− 1 ≡ 0 (3.5)
In particular, if k = 1 then m = 2p+1, where i ≤ g and Equation 3.5 be transformed
into
i ≡ h+ 1 (3.6)
Take l ∈ Z+0 so that i = lp+h+1, then 1 ≤ lp+h+1 ≤ p. Thus, we have one choices
for l. From this we have 1
2
(p+1) choices for h, and yielding rank(M2p+1) =
1
2
(p+1).
If k = 2, then m = 4p + 1, in this case we have 1 ≤ i ≤ 2p. We need to find the
solutions h mode p of the above Equation 3.6. Then
1 ≤ lp + h+ 1 ≤ 2p.
As h+ 1 ≥ 0 {
l ≥ 0
l < 2
Thus, we have two choices for l, i.e, l = 0 or l = 1. From this we have (p+1) choices
for h, and yielding rank(M4p+1) = (p+ 1).
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For k ≥ 3, and m = sp+ 1 we can say rank(M2kp+1) equals rank(M2(k−1)p+1) plus
the number of i such that there is h solution of the equation mod p
i ≡ h+ 1
with 1 ≤ i ≤ 2kp. Then
(2k − 2)p ≤ lp+ h + 1 ≤ 2kp.
Hence,
l = 2k
In this case we have 1
2
(p+ 1) choices for h. This implies that
rank(M2kp+1) = rank(M(2(k−1)p+1) +
1
2
(p+ 1).
Now our claim on the rank of M2kp+1 follows by induction on k.
Then a(X2kp+1) =
(k)(p− 1)
2
can be computed from
a(X2kp+1) = g(X2kp+1)− rank(M2kp+1)
.

Theorem 3.2. Suppose that m = sp− 1 then,
1. If s = 2k + 1 and k ≥ 0, then the a-number of the curve X equals
k(p− 1)
2
.
2. If s = 2k and k ≥ 1, then the a-number of the curve X equals
k(p− 1)
2
.
Proof. Proof of this theorem is similar to Theorem 3.1.

4. The a-number of Hyperelliptic Curve y2 = xm + x
In this section, we consider the hyperelliptic curve X given by the equation y2 = xm + x
over k. This curve is of genus g = (m− 1)/2 (resp. g = (m− 2)/2) if m is odd (resp. m is
even).
Let B = {ωi =
xi−1dx
y
, i = 1, . . . , g} be a basis for the differential 1-forms of the first kind
on X . Then the rank of the Cartier operator C on the curve X equals the number of i with
i ≤ g such that
C (wi) =
1
y
C (xi−1yp−1dx)
= 1
y
C (x
p−1
2 (xm−1 + 1)
p−1
2 xi−1dx)
= 1
y
C (
∑ p−1
2
j=0 ajx
j+i−1dx) 6= 0
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where (xm−1+1)
p−1
2 =
∑ p−1
2
j=0 ajx
j(m−1). From this we must have the equation of congruences
mod p,
i+ (m− 1)j − 1 ≡ p− 1 (4.1)
for some 0 ≤ j ≤ (p−1)
2
. Equivalently, the following equation
m(p− 1− h) + t+ i− 1 ≡ p− 1 (4.2)
has a solution h for 0 ≤ t ≤ h ≤
p− 1
2
.
Theorem 4.1. If m = sp for s = 2k+1 and k ≥ 0, then the a-number of the curve X equals
(k + 1)(p− 1)
2
.
Proof. At first we cliam that rank(Msp) =
k(p+ 1)
2
, with m = (2k + 1)p and k ≥ 0.
In this case, i ≤ g and Equation 4.2 mod p reads
i+ t ≡ 0 (4.3)
Peculiarly, if k = 0 then m = p, where i ≤ g and Equation 4.3 be transformed into
i ≡ −t (4.4)
Take l ∈ Z+0 so that i = lp − t, then 1 ≤ lp − t ≤
p
2
. From this t ≥ −1 and t ≥ 0, a
contradictions. Thus, rank(Mp) = 0.
If k = 1 then m = 3p, in this case we have
p
2
≤ i ≤
3p
2
. We need to find the solutions h
mode p of the above Equation 4.4. Then
p
2
≤ lp− t ≤
3p
2
.
As t ≥ 0 {
l ≥ 0
l < 3/2
Thus, we have two choices for l, i.e, l = 0 or l = 1. From this we have 1
2
(p+ 1) choices for t,
and yielding rank(M3p) =
1
2
(p+ 1).
For k ≥ 2, and m = sp we can say rank(M(2k+1)p) equals rank(M(2k−1)p) plus the number
of i such that there is t solution of the equation mod p
i ≡ −t
with
(2k − 1)p
2
≤ i ≤
(2k + 1)p
2
. Then
(2k − 1)p
2
≤ lp− t ≤
(2k + 1)p
2
.
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Hence,
l = k
In this case we have 1
2
(p+ 1) choices for t. This implies that
rank(M(2k+1)p) = rank(M(2k−1)p) +
1
2
(p+ 1).
Now our claim on the rank of M(2k+1)p follows by induction on k.
Then a(X(2k+1)p) =
(k + 1)(p− 1)
2
can be computed from
a(X(2k+1)p) = g(X(2k+1)p)− rank(M(2k+1)p).

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